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Fermion Mass Spectrum
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Dirac Lepton Masses
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Three-Generations Dirac Neutrino Masses
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ZP = Mty — v M"Y v + Hec
Diagonalization of M" and M with unitary VLZ, Ve, VY, VR
| =Vie L=Vilr v, =V/n, vp=Ving
Kinetic terms are invariant under unitary transformations of the fields
2P = 2 VIIMEVEeR — TV TM™ VEug + Hec.
VI M VE =M Mg =mbdas (B =e,pu,T)
v/t vy = me My = m}, 8 (k,j=1,2,3)

4

Real and Positive mg,,

14
my
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Massive Chiral Lepton Fields
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Mixing
Charged-Current Weak Interaction Lagrangian

CcC g .
L= & W, 4 He.

2v/2

Weak Charged Current: iy :jﬁw_ —i—jﬁv,Q
Leptonic Weak Charged Current

Jlﬁv,L:2 Z E'YPQL:QV_IL’Y'OKIL

a=e,u,T
=201 Ve vie = 2np v VEyP e = 2mp Ut yP gy

Mixing Matrix

ut = vt vf u=vtvy
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» Definition: Left-Handed Flavor Neutrino Fields

‘ Vel
I/L:UnL:VLTVIL: VuL
VrL

» They allow us to write the Leptonic Weak Charged Current as in the SM:
Syl =207 =2 ) VeV lar

a:e’l“”T

» Each left-handed flavor neutrino field is associated with the
corresponding charged lepton field which describes a massive charged
lepton:

Jw =2l eL + Vur "’ pr + VrL " 71)
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Flavor Lepton Numbers

Flavor Neutrino Fields are useful for defining
Flavor Lepton Numbers
as in the SM

Le L, L, Le L, L,

(Ve,e) +1 0 O (vs,et) -1 0 0
(vurw™) 0 +1 0 || (v, u*) 0 -1 0
vry,™™) 0 0 +1] (v¢,77) 0 0 -1

‘L:Le+L#+LT‘

Standard Model: Lepton numbers are conserved
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Le, Ly, Ly are not conserved

Lis conserved:  L(vqr) = L(vg) = |AL| =0
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Mixing Matrix

¢ Uel Ue2 Ue3
U=VIVE=|Un Us Us
UTl U'r2 UT3

Unitary Nx N matrix depends on N? independent real parameters

N(N -1

% =3 Mixing Angles
N=3 = N(N+1)

— = 6 Phases

Not all phases are physical observables

Only physical effect of mixing matrix occurs through its presence in the
Leptonic Weak Charged Current
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3
Weak Charged Current: Jﬁ/,L =2 Z Z Ukt UL P Lar
k=1 a=e,u,T
Apart from the Weak Charged Current, the Lagrangian is invariant
under the global phase transformations (6 arbitrary phases)
ve — ey (k=1,2,3), by — €%ty (a=e pu,T)

Performing this transformation, the Charged Current becomes
3

S =23" > Twe UL ey Loy

k 1oa=e,u,t
A —i(p1—¢p —i(pk—p1 *  Li(pa—g p
jw,L—2e ( SZ Z VL € ( )Uake(“ e)’)’ Lot
1 k=1a=e,u,T 2

There are 5 arbitrary phases of the fields that can be chosen to eliminate
5 of the 6 phases of the mixing matrix

5 and not 6 phases of the mixing matrix can be eliminated because a
common rephasing of all the fields leaves the Charged Current invariant
<= conservation of Total Lepton Number.
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> The mixing matrix contains 1 Physical Phase.

» It is convenient to express the 3 X 3 unitary mixing matrix only in terms
of the four physical parameters:

3 Mixing Angles and 1 Phase
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Majorana Mass

Dirac Mass Lagrangian

&P = —m(VRrv + DL vR)
VR — VLC = CV_,_T
1 m
§gD g —5(—VLTCTVL+V_LCV_LT>
Majorana Mass Lagrangian

M= -2 (v Ctwrmen”) = -3 (vE v+ 7of)
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v

v

v

Majorana Field: v = v + z/f

Majorana Condition: v¢ = v

1
Majorana Lagrangian: .ZM = §m71/

The factor 1/2 distinguishes the Majorana Lagrangian from the Dirac
Lagrangian

Common terminology:

Majorana neutrino with negative helicity = neutrino
Majorana neutrino with positive helicity = antineutrino

C. Giunti — Dirac and Majorana Neutrino Masses — 5 May 2010 — 17




Lepton Number
> — — 1>

v, = L=+1 vf = L=-1

M= —g (EVL —|—1/_LVLC)

Total Lepton Number is not conserved: AL =42

Best process to find violation of Total Lepton Number:

Neutrinoless Double-8 Decay
N(AZ) = N(A Z+2)+2e + 2% (BBoy)
N(AZ) > N(AZ-2)+2e" +20C  (BBy,)
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No Majorana Neutrino Mass in the SM

» Majorana Mass Term o [VLT ct v — I/_LCV_LT] involves only the neutrino

left-handed chiral field v;, which is present in the SM (one for each
lepton generation)

» Eigenvalues of the weak isospin /, of its third component /5, of the
hypercharge Y and of the charge @ of the lepton and Higgs multiplets:

I'| b | Y|Q=hk+%

|48 1/2 0
lepton doublet L, = 1/2 -1

L -1/2 -1
lepton singlet LR 0 0 |-2 -1
1/2 1

Higgs doublet ®(x) = <¢+(X)> 1/2 / +1
po(x) -1/2 0

» v/ C'v; has s =1 and Y = —2 = needed Higgs triplet with Y =2
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Mixing of Three Majorana Neutrinos

1
M= Tt MY +He

Ve 2
» v = |V
L VA'LE -1 S v CTMEsvp +H
T —2aﬂ:e’u’T al ap VpL .C.

» In general, the matrix M’ is a complex symmetric matrix
L /T T
ZV C" Mag v, = ZVﬂL as (C

= ZuﬂLc Mig vy = Zu CT Mgy Vi1

My = Mby = Mi=mtT
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v

v

v

1
M= EV,'_T ctMby] +He

1
vi=WVn = LM=uT(vHTcIMEVP Y+ HC

2

(VYT M VE =M, Mg=méy  (kj=1,23)
V1L

Left-handed chiral fields with definite mass: n; = VL"Jr v, = | v
V3L

m_ 1 ’ T T
LV = Eka <VkLCT VkL_V_kLCVkL>
k=1
Majorana fields of massive neutrinos: vy = vy + VkC,_ VkC = vy

13
gM = —5 Z myV Vi
k=1
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Mixing Matrix

Leptonic Weak Charged Current:

Jyo=2mtUt e, with U= VTV

Definition of the left-handed flavor neutrino fields:

‘ Vel
uL:UnL: VLTVIL: VulL
UrL

Leptonic Weak Charged Current has the SM form

Sl =207l =2 ) ViV las

a=e,u,T

Important difference with respect to Dirac case:
Two additional CP-violating phases: Majorana phases
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3
. 1 . . .
» Majorana Mass Term M= 5 Z my I/;Z—L CT vy, + H.c. is not invariant
k=1
under the global U(1) gauge transformations
Vi — e'P*yyg (k=1,2,3)
» Left-handed massive neutrino fields cannot be rephased in order to
eliminate two Majorana phases factorized on the right of mixing matrix:
1 0 0
U=u°pM DM= 10 e 0
0 0 e
» UP is analogous to a Dirac mixing matrix, with one Dirac phase
» Standard parameterization:
C12€13 512€C13 size o 1 0 0
U= | —scs — cosssize’®®  cracs — spsxsize’s $23C13 0 e 0
S1253 — C2C3s13€  —Cis — spessize’™ o 0 0 e
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One Generation Dirac-Majorana Mass Term

If vg exists, the most general mass term is the
Dirac-Majorana Mass Term
FOM = P 4 gt gR
P = —mpVgrv, + H.c. Dirac Mass Term
ot Lm et H Maj Mass T
=5 m v; C'vp +Hec ajorana Mass Term

1
PR = 5 mg V,z; ct vr +H.c. New Majorana Mass Term!
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» Column matrix of left-handed chiral fields: N, = (V(L;> = ( V_L-,—>
Vi Crr

1
LOM = SN[ CTMN +He M= (mL mD>

mp Mg

» The Dirac-Majorana Mass Term has the structure of a Majorana Mass
Term for two chiral neutrino fields coupled by the Dirac mass

» Diagonalization: n; = ut N = <51L>
2L

UTMU:<”81 n?) Real mx > 0
2

1 1
» ¢PtM _ = mev), Clyg + He. = == m UV
2kZE2 k Vi Cl vk 2k21:,2 Kk VK Vi

C
Vk = VkL + Vkl_

» Massive neutrinos are Majorana! Vi = vf
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Real Mass Matrix

CP is conserved if the mass matrix is real: M = M*

mg m . g
M = <mL mD> we consider real and positive mg and mp and real m;
D R

A real symmetric mass matrix can be diagonalized with U = O p

[ cos?¥  sintd _(p1 O >
O_(—sin't? cosﬂ) ’o_(O p2> ==+l

4 2
OTMO:<m1 O,) tan2g9 = — 0
0 m mr —mg
1
myq = > [mL +mg + \/(mL — mg)? + 4m2D]
m] is negative if m mg < m3

UTMU = pTOTMOp = pimy 0 — | m =2
B Lo pm A
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> mj, is always positive:

1
m2:m'2:5 [mL+mR—|—\/(mL—mR)2—|—4m2D]

> If mymg > m3, then m} >0 and p? =1

1
m1:§ [mL+mR—\/(mL—mR)2+4m2D]

cos?¥  sin?
p=landpp=1 = U:<—sin19 cosﬁ)
» If mpmg < m2D, then m'l < 0 and p% =1
1
m1=§[\/(mL—mR)2—|—4m2D—(mL—|—mR)

_ icost? sintd
pr=iand pp=1 — U_<—isin19 C0519>
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Special cases:

» mp = mr — Maximal Mixing

» m = mgr =0 =— Dirac Limit

» |my|,mr < mp = Pseudo-Dirac Neutrinos

» m =0 mp <K< mp =— See-Saw Mechanism
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Maximal Mixing

v =7/4

myq = my £ mp

pi=+1, m=m —mp if mg>mp
p%:—l, m=mp—mg if mg<mp
my = mp + mp

mp < mp

Vi = \;—% (I/L — I/,g)

Vo = % (VL + V,g)
—7;' [0+ v) = (v +v5)]

Uy =y + U5 = % [(VL +vR) + (VLC + Vl(i;)]

C
Vi =ViL+v =
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Dirac Limit

mL:mR:0

2
p;1 = -1, my = mp
ml2,1 =+tmp — { pé — 11 My = mp

The two Majorana fields v; and v, can be combined to give one Dirac
field:

1 .
v=— (i1 +1)=v.+ 1R

V2

A Dirac field v can always be split in two Majorana fields:

1
I/ZEKV—VC)—F(V‘FVC)}
B / _V—I/C 1 1/+1/C B 1 .
—ﬂ"T)*ﬁ(T)—%(”’””)

A Dirac field is equivalent to two Majorana fields with the same mass
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Pseudo-Dirac Neutrinos

‘|mL|,mR<<mD‘

/ NmL+mR

m2’1 = 2 :i: mD

m; + mg

m'1<0 — p%:—l = mp1~mp=* 3

The two massive Majorana neutrinos are almost degenerate in mass

The best way to reveal pseudo-Dirac neutrinos are active-sterile neutrino
oscillations due to the small squared-mass difference

Am? ~ mp (mL + mg)

The oscillations occur with practically maximal mixing:

2
tan29 = —° 51 — VY~ 7/4
mr —mg
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See-Saw Mechanism

[Minkowski, PLB 67 (1977) 42; Yanagida (1979); Gell-Mann, Ramond, Slansky (1979); Mohapatra, Senjanovic, PRL 44 (1980) 912]

>

>

‘mL:O mD<<mR‘

ZLis forbidden by SM symmetries = m; =0

mp < v ~ 100 GeV is generated by SM Higgs Mechanism
(protected by SM symmetries)

mpg is not protected by SM symmetries =— mr ~ Mgyt > v

2 2
m m
mgr — ) mg
!
my, >~ mg p5=+1, m~mp

Natural explanation of smallness of neutrino masses

m

Mixing angle is very small: tan 2% = 2 b <1
mg

vy is composed mainly of v;: vy ~ —iv;

V5 is composed mainly of vg: v ~ V,g
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Three-Generation Mixing

,,%DTVM =P+ 2t + R
S _
P =-3" > VMR v, +Hec

s=1a=e,u,T
1
Lt = 5 > v CT Mg +He.
a’ﬁ:elulT
R 1 Js !'T nt pgR 1
.,S/ﬂ :E Z VSRC MSS’V5/R+H'C‘

s,s'=1

/!
” v, . Yir
[ — [ — / ! J— .
NL = 1C v, = V/J,L Vp = -
Vit e

.
DM _ % N CIMPMNG - He  MPHM = (/\/IL MP
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» Diagonalization of the Dirac-Majorana Mass Term = massive
Majorana neutrinos

> See-Saw Mechanism = right-handed neutrinos have large masses and
are decoupled from the low-energy phenomenology

> At low energy we have an effective mixing of three Majorana neutrinos
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