Neutrino Mixing

Minimally extended SM ⇒ Add ν_{eR}, ν_{μR}, ν_{τR} ⇓ Dirac neutrino mass term can be generated by the standard Higgs mechanism

L^D = − ∑ ℓ,ℓ^′ ν_{ℓR} M^D_{ℓℓ}′ ν_ℓ′_L + h.c. (ℓ = e, μ, τ)

M^D = complex 3 × 3 matrix Diagonalization: biunitary transformation V^† M^D U = M , M_{kj} = m_k δ_{kj} , m_k ≥ 0 V^† = V^{−1} , U^† = U^{−1}

Possible?

Proof that diagonalization of M^D by biunitary transformation is possible Consider M^DM^{D†}:

Hermitian ⇒ diagonalized by unitary transformation V^† M^D M^{D†}V = M^2 , M^2_{kj} = m^2_k δ_{kj} Choosing an appropriate matrix U, it is always possible to write

M^D = V M U^† , M_{kj} = √ m^2_k δ_{kj} U^† = M^{−1} V^† M^D , U = M^{D†} V M^{−1} (M^† = M) Magically U is unitary!

U^†U = M^{−1}V^†M^DM^{D†}V M^{−1} = 1 UU^† = M^{D†}V M^{−2}V^†M^D

= M^{D†}V V^†(M^{D†})^{−1}(M^D)^{−1}V V^†M^D = 1 Then m_k = √ m^2_k ≥ 0

Diagonalized Dirac mass term: L^D = − 3∑ k=1 m_k ν_k ν_k Mixing: ν_{ℓL} = 3∑ k=1 U_{ℓk} ν_{kL} ν_{ℓR} = 3∑ k=1 V_{ℓk} ν_{kR} (ℓ = e, μ, τ)

No right-handed fields in weak interaction Lagrangian ⇓ Right-handed singlets are sterile and not mixed with active neutrinos.

Lepton weak charged current:

j^{CC}_ρ^† = 2 ∑ ℓ=e,μ,τ ℓ_L γ_ρ ν_{ℓL} = 2 ∑ ℓ=e,μ,τ 3∑ k=1 ℓ_L γ_ρ U_{ℓk} ν_{kL}

Unitary 3 × 3 mixing matrix U ⇓ 3 mixing angles + 6 phases

Only one measurable phase ⇓ 3 mixing angles + 1 physical CP-violating phase Convenient parameterization: U = (_{c12c13 s12c13 s13eiδ13} −s_{12}c_{23}−c_{12}s_{23}s_{13}e^{iδ13} c_{12}c_{23}−s_{12}s_{23}s_{13}e^{iδ13} s_{23}c_{13} s_{12}s_{23}−c_{12}c_{23}s_{13}e^{iδ13} −c_{12}s_{23}−s_{12}c_{23}s_{13}e^{iδ13} c_{23}c_{13} )

c_{ij} ≡ cos ϑ_{ij} , s_{ij} ≡ sin ϑ_{ij} In this parameterization δ_{13} is associated with s_{13} ⇒ obviously CP violation is small if ϑ_{13} is small. In other parameterizations the phase can be associated with s_{12} or s_{23} ⇒ CP violation is small if any mixing angle is small.

If any of the elements of the mixing matrix is zero, the phase can be rotated away ⇒ no CP violation.

5

6

7

Dirac-Majorana mass term

active ν_{ℓL} (ℓ = e, μ, τ) + sterile ν_{sR} (s = s_1, s_2, . . . , s_N)

L^{D+M} = L^M_L + L^D + L^M_R

L^D = − ∑ s,ℓ ν_{sR} M^D_{sℓ} ν_{ℓL} + h.c.

L^M_L = − 1 2 ∑ ℓ,ℓ^′ ν^c_{ℓL} M^L_{ℓℓ}′ ν_ℓ′_L + h.c.

L^M_R = − 1 2 ∑ s,s^′ ν_{sR} M^R_{ss}′ ν^c_s′_R + h.c.

M^D, M^L, M^R are complex matrices

M^L, M^R are symmetric

For example: ν^c_{ℓL} = Cν_{ℓL}^T , ν^c_{ℓL} = −ν^T_{ℓL}C^† ∑ ℓ,ℓ^′ ν^c_{ℓL} M^L_{ℓℓ}′ ν_ℓ′_L = − ∑ ℓ,ℓ^′ ν^T_ℓ′_L C^{−1} M^L_{ℓℓ}′ ν_{ℓL} C^T = −C � = − ∑ ℓ,ℓ^′ ν^T_{ℓL} C^{−1} M^L_{ℓℓ}′ ν_ℓ′_L ℓ⇆ℓ^′ � = ∑ ℓ^′,ℓ ν^c_ℓ′_L M^L_ℓ′_ℓ ν_{ℓL} ⇓ M^L_{ℓℓ}′ = M^L_ℓ′_ℓ ⇔ M^L is symmetric!

Column matrix of all left-handed fields:

N_L ≡ ν^L ν^c_R , ν_L ≡ ν_{eL} ν_{μL} ν_{τL} , ν^{cR} ≡ ν^c_{s1R} . . ν^c_{sNR} L^{D+M} = − 1 2 N^c_L M^{D+M} N_L + h.c.

(3 + N) × (3 + N) symmetric mixing matrix:

M^{D+M} ≡

M^L (M^D)^T

M^D M^R

Diagonalized by the transformation (U^† = U^{−1}) U^T M^{D+M} U = M , M_{kj} = m_k δ_{kj} , m_k ≥ 0 Fields with definite mass:

n_L ≡ ν_{1L} . . ν_{(3+N)L}

= U^† N_L

L^{D+M} = − 1 2 n^c_L M n_L + h.c. = − 1 2 3+N∑ k=1 m_k ν^c_{kL} ν_{kL} + h.c.

Fields with definite mass are Majorana:

n ≡ ν_1 . . ν_{3+N}

= n_L + n^c_L = U^† N_L + U^T N^c_L

L^{D+M} = − 1 2 n M n = − 1 2 3+N∑ k=1 m_k ν_k ν_k + h.c.

Mixing relations: ν_{ℓL} = 3+N∑ k=1 U_{ℓk} ν_{kL} (ℓ = e, μ, τ)

ν^c_{sR} = 3+N∑ k=1 U_{sk} ν_{kL} (s = s_1, . . . , s_N)

Sterile neutrino fields ν_{sR} are connected to Active neutrino fields ν_{ℓL} trough the Massive neutrino fields ν_{kL} ⇓ Active ⇆ Sterile oscillations are possible!

Lepton weak charged current:

j^{CC}_ρ^† = 2 ∑ ℓ=e,μ,τ ℓ_L γ_ρ ν_{ℓL} = 2 ∑ ℓ=e,μ,τ 3+N∑ k=1 ℓ_L γ_ρ U_{ℓk} ν_{kL}

12

13

14

15

See-Saw Mechanism

M_L = 0 ⇒ M^{D+M} =

0 (M^D)^T M^D M^R

If the eigenvalues of M^R are much bigger than the elements of M^D, M^{D+M} is block-diagonalized (up to corrections of order (M^R)^{−1}M^D) by the transformation (W^† ≃ W^{−1})

W^T M^{D+M} W ≃

M^{light} 0 0 M_{heavy}

W = 1 − 1 2 (_{(M D)†(M R(M R)†)−1M D 2(M D)†(M R)†−1} −2(M^R)^{−1}M^D (M^R)^{−1}M^D(M^D)^†(M^R)^{†−1} )

M_{light} ≃ −(M^D)^T (M^R)^{−1} M^D , M_{heavy} ≃ M^R

M^R = M I ⇒ quadratic see-saw

M_{light} ≃ −

(M^D)^T M^D M , m_k ∼ (m^f_k )^2 M (k = 1, 2, 3)

m_1 : m_2 : m_3 = (m^f_1 )^2 : (m^f_2 )^2 : (m^f_3 )^2

M^R =^M_{MD} M_D (M_D ∼ scale of M_D) ⇒ linear see-saw

M_{light} ≃ −

M_D M M^D , m_k =

M_D M m^f_k (k = 1, 2, 3)

m_1 : m_2 : m_3 = m^f_1 : m^f_2 : m^f_3

17

18

19

20